ABSTRACT High availability requirement is essential for series repairable systems, such as power plants, power grids, and automated production lines in addition to the requirement of long life. A backorder occurs when a component of this system fails, while the on-hand stock of the component is zero. The remaining working components in the series system are no longer in operation because of the backorder-induced system downtime, and these working components are considered to be in a switch-OFF state. Ignoring the switch-OFF effect can cause large errors in the evaluation of operational availability for a critical system group of multiple independent repairable systems. This paper focuses on the availability modeling of a system group that consists of N two-component repairable systems and considers the switch-OFF state of the working components. We analyze how a backorder of one component affects the number of other components being in operation by considering the joint state of the available repairable systems and spares. We formulate the spare inventory replenishment process for the two-component system group as two groups of continuous time Markov chains (CTMCs) with and without the switch-OFF effect. Then, we derive the state transition rates of the switch-OFF effect caused by another component backorder. Finally, we present the algorithm of availability of instantaneous and steady states for the system group based on the CTMCs considering the switch-OFF effect. The presented availability model is for system groups that consist of multiple independent repairable systems and extends the system availability model by incorporating the switch-OFF effect on the number of components in operation. This paper provides a solution of availability considering the switch-OFF effect of component and makes possible for two-component repairable systems to achieve higher availability with lower spares stock level.
I. INTRODUCTION
High availability requirement is essential for series repairable systems such as power plants, power grids, and automated production lines in addition to the requirement of long life [1] , [2] . These complex systems consist of many expensive repairable components in series, which are subject to random failures. When a failure occurs, the failed component is commonly replaced by a spare part, and the failed item is sent out for repairing. A backorder occurs when a component fails while the on-hand stock of the component is zero. In this case, these complex series repairable systems [3] can no longer be operational, although many components of these systems remain fully functional. The functional components are not in operation and commonly considered in a ''switch-off'' state since the system is down. However, this switch-off state has been ignored in many availability analyses of repairable systems, and the components in the ''switch-off'' state may be considered ''in operation'' in the analyses [4] - [14] .
Ignoring the effect of the ''switch-off'' state on the operational availability can cause large errors in evaluating the operational availability for a system group of multiple independent repairable systems. When the effect of the ''switchoff'' state is ignored, the availability analysis considers the components in both ''switch-off'' and operation states to calculate the number of backorders, whereas the components in the ''switch-off'' state may have a zero failure rate. If we do not exclude the switch-off states of the components, the number of backorders of the components is overestimated. This overestimation may result in a higher stock level of spares when analyzing the availability of repairable systems.
Many models have been developed for the availability analysis of repairable systems with spare parts. Most models can be classified into two categories. The models in the first category use the multi-echelon technique for recoverable item control (METRIC) [15] , which was first presented by Sherbrooke in 1960s . This technique considers a multi-item two-echelon configuration and formulates the availability function as the expected number of backorders (EBO). The numbers of backorders and demands follow a compound Poisson process in this technique. Muckstadt [16] extended the original METRIC to the MOD-METRIC by considering the multi-indenture part structure. Graves [17] approximated the spare demand as a negative binomial distribution and improved the accuracy of the availability estimation over the MOD-METRIC. Sherbrooke [18] further considered the multi-indenture multi-echelon configuration and extended the METRIC to VARI-METRIC. These METRIC techniques have been further extended to address the availability evaluation of repairable systems for the inventory allocation of spare parts from various perspectives such as the capacitated repair, transshipment, lateral transportation, stochastic lead time, different inventory policies [4] - [6] , [19] - [26] . Lau et al. [27] and Wang et al. [14] investigated the time-varying availability for repairable items considering time-varying spare demands and using an iterative approximate approach based on the METRIC model. This METRIC type of models focuses on the system availability performance and optimizes the stocking allocation, location, inventory cost through a simplified approximation for the availability and backorder calculations.
The models in the second category mainly use the singleor multi-dimensional state space stochastic processes, e.g., Markov Chain, to characterize the transition relationships among the available system states [28] - [32] . Most models only consider a single repairable system instead of a system group of N repairable systems. Fawzi and Hawkes [28] , [29] initiated a pioneer work in the area and formulated an availability model for series and k-out-of-N redundancy repairable systems of N identical components with spare parts. de Smidt-Destombes et al. modeled the steady-state availability for a k-out-of-N system for different failure behaviors when N was relatively large. Sahba et al. [8] proposed the steadystate available system size distribution of two alternative models with a shared spare inventory. Moghaddass et al. [31] constructed a k-out-of-N G system reliability and availability model with multiple repairmen. Chakravarthy and Gómez-Corral [32] further studied the effect of the delivery time in a single k-out-of-N system when only one repairman was available.
Recently, several studies intend to formulate a joint Markov chain to simultaneously model the system states and the spare part inventory level. Öner et al. [7] used an Erlang loss model to estimate the component availability and formulated the system cost as a function of the component reliability level and spare parts inventory level.
This joint consideration can significantly reduce the cost. Jin et al. [9] analyzed the system availability for multiple hot standby redundant systems with shared standby components and spares and supported the advantages of sharing redundant components between systems. Hanbali and van der Heijden [10] modeled a supply process of a two-echelon multi-item system using Markov chain and analyzed the interval availability considering the spare stock of deport and base. Selcuk et al. [11] investigated the trade-off between the component reliability and the spare-stocking level for multi-item systems that are subject to part availability requirements. Xie et al. [12] simultaneously investigated the redundancy allocation and spare part provisioning in k-out-of-N hot standby systems to maximize the operational availability. Sleptchenko and van der Heijden [13] examined the steady-state availability in k-out-of-N systems with different standby modes and positive installation times.
The models of the aforementioned categories assume that the spare part demands for different components are independent. However, when a key component of a repairable system fails, this system is no longer operational. The remaining components of this system, which are in a ''switch-off'' state, continue being included in the spare part demand estimation. This assumption can cause an overestimation of the spare part inventory level. It is highly desirable to develop a more accurate model to evaluate the system availability considering the spare stock for equipment manufacturers and end users.
This present study investigates the system availability using a Markov model for a two-component system group considering the ''switch-off'' state. Our work is different from the aforementioned Markov models [7] - [13] , [28] - [32] in two main aspects. First, the ''switch-off'' state is now modeled in the transition rate matrix in our study, whereas the existing models neglect the switch-off effect. Second, multiple Markov chains are used in our work to study the repairable system group availability and spare inventory balance relationship, whereas previous Markov models are mainly developed for a single repairable system.
In this paper, we focus on the availability modeling of a system group that consists of N two-component repairable systems with the consideration of the ''switch-off'' state. We analyze the effect of a backorder of one component on the number of other components in operation by considering the joint state of the available systems and spares. We formulate the spare inventory replenishment process for the twocomponent system group as two groups of continuous time Markov chains (CTMCs) with or without the effect of the ''switch-off'' state. Then, we derive the state transition rates of the switch-off effect of another component backorder. Finally, we present the algorithm of availability of instantaneous and steady states for the system group based on the CTMCs considering the switch-off effect.
The major contributions of our study are twofold. First, this study extends the system availability model by incorporating the ''switch-off'' state effect on the number of components in operation and provides a solution of availability, which makes possible for two-component repairable systems to achieve higher availability with a lower spare stock level. Second, the study proposes an availability model for a system group of multiple repairable systems considering the switch-off effect, where we use multiple CTMCs to evaluate the availability of instantaneous and steady states for the system group based on the provided spare allocation.
The paper is organized as follows. In section II, we state our problem and assumption. In section III, we formulate the availability models for the two-component repairable system group as multiple Markov chains in consideration of the switch-off effect of another item. In section IV, we present an efficient and accurate algorithm, which computes the availability (EBO) of the instantaneous and steady states. In section V, we conduct numerical experiments to validate the accuracy of the proposed model and show the calculation deviation extent of the component switch-off effects. Finally, in section VI, we conclude this study and discuss future research. 
II. PROBLEM STATEMENT
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B. PROBLEM ANALYSIS
We consider the operation and repairing of a group of N identical repairable systems as shown in Fig.1 . This scenario is common in the complex system maintenance [33] . Each repairable system in the system group consists of two types of repairable critical component 1 and component 2 in series with the corresponding installation numbers Z 1 and Z 2 . All Z 1 component 1 and Z 2 component 2 are in series . Any failure of the critical components causes system down. If a component failure occurs, the failed component is removed from the system and sent out for repairing. Then, the failed component is replaced by a spare part. When the spare part is out of stock, a backorder occurs. The system stops operation until a spare part is available. When the repair is completed, the failed component is considered a serviceable item for future use. Although no new spare is ordered from an outside supplier, the replenishments are the repaired components. It is notable that the failed components are repaired one by one, not batched for repair. The spare parts stock only increased by 1 at one time.
To balance the spare stock, the following relationship must be satisfied for the two types of components [33] .
where i (i = N) ) is the number of backorders of type-i component. For example, when a backorder of the component 2 in a repairable system occurs, the remaining functional component 1 in this system is in a ''switch-off'' state as previously described. At this time, AO 1 decreases by 1, but OH 1 and BO 1 do not change for the states of component 1. Then, we construct a CTMC to analyze the system availability, which incorporates the states of switch-off affected by the component of the backorder emergence.
C. ASSUMPTION
To support our presentation, the following assumptions are made for this availability analysis problem.
1) All repairable systems in this study are series systems, which are available if and only if all components are operational. If anyone components fail, the system is down.
2) Only a component fails in operation; no component fails in inventory and repair.
3) The times to failure of components 1 and 2 in the system are identically distributed with the exponential distribution exp(λ 1 ) and exp(λ 2 ), where 1/λ 1 and 1/λ 2 are the mean times to failure of components 1 and 2.
4) The times to repair for components 1 and 2 in the system are identically distributed with the exponential distribution exp(µ 1 ) and exp(µ 2 ), where 1/µ 1 and 1/µ 2 are the mean times to repair for components 1 and 2, respectively.
5) The replacement time of the component (the time to remove the failure component from the system) is negligible in comparison to the repair time.
6) We assume that the maintenance resources are unlimited, i.e., the number of repairman changes with the component number of due-in. 
7)
Because the spare part is capital-intensive and the failure rate is commonly notably small, the inventory control policy is (S-1, S ). An order is placed immediately after a component failure occurs. The initial spare part stock level is s 1 and s 2 for components 1 and 2.
8) We assume that the systems consecutively work except for repair, i.e., after the system repair completes, the system immediately begins to work.
Although the spare part demands of items in a system are not independent, the failures between systems are independent. The assumption about independent failures is frequently used in system reliability analyses [3] , which makes the availability analysis problems solvable. However, for dependent failures, the reader may refer to [34] and [35] .
III. MATHEMATIC MODELS A. MARKOV MODEL WITHOUT SWITCH-OFF EFFECT
In this section, we first formulate the Markov models without the switch-off effect for components 1 and 2. We formulate the state transition processes of component 1, where the initial numbers of available repairable systems are
. The Markov models of components 1 and 2 are similar because the replenishment processes of two types of components are similar. The state transition processes of component 2 are formulated as CTMCs . The distribution parameter of repair times corresponds to the numbers of due-ins being in repair because resources are assumed to be unlimited. The state transition diagram is shown in Fig. 2 .
B. MARKOV MODEL WITH SWITCH-OFF EFFECT 1) STATE TRANSITION PROCESSES OF TWO COMPONENTS WITH THE SWITCH-OFF EFFECT
In this section, we formulate the state transition processes of components 1 and 2 as new CTMCs Y 1 (t)(t ≥ 0) and Y 2 (t) (t ≥ 0), respectively, when considering the switch-off effect. The state transition process of the component with the switch-off effect is shown in Fig. 3 . Because Y 2 (t) is similar to Y 1 (t), first, we explain the state transitions in Y 1 (t)(t ≥ 0) using a CTMC in the X 2 . Let w 
When k>0, the general form of r [x,y] in R 1 [x, y] can be expressed as
2) TRANSITION RATES OF Y 1 (t) AFFECTED BY THE SWITCH-OFF
We discuss the transition rates affected by the switch-off in two cases. 
When h>0 (h ∈ {1 · · · , N − 1}), let the transition rate fromw 
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When h>0, in X 2 N−k (t) , the number of backorders of component 2 increasing by 1 can result in a corresponding state transition in Y 1 (t). We note that the numbers of available systems must be identical in the correlational states of components 1 and 2. Let α 
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The analysis of the transition rate affected by the switch-off for Y 2 (t) is similar to Y 1 (t); we must swap the definitions of h and k. Let k be the number of backorders of component 2 and h be the number of backorders of component 1. We have, When k=0,
When k>0, for all the k(k ∈ {1, · · · , N − 1}) we have,
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IV. EBO AND AVAILABILITY CALCULATION
For the above two models, the following procedure is used to calculate the system availability.
According to the Chapman-Kolmogorov forward equations, we have p 1 (t) = P 1 (t)R 1 P 1 (0) = I 1×C 1 (22) where P 1 (t) 1×C 1 is the state probability matrix of Y 1 (t); we use the Laplace transform and Laplace inversion transform to solve P 1 (t) 1×C 1 . We have
where sI−R 1 is the invertible matrix of R 1 Laplace transform matrix.
Using the Laplace inversion formula, we obtain the timevarying probability matrix of component 1:
Then, the instantaneous EBO of component 1 is
where H 1 (t) C 1 ×1 is the vector of backorder values of component 1, the values of the vector are decided by the number of BO that correspond to Y 1 (t). We obtain P 1 (t) according to equations (22)- (24) . Similarly, we can calculate EBO(s 2 , t). At time t, EBO(s 1 , t) denotes the expected number of backorders of the type 1 component. One backorder means one system is not available. Therefore, we use the mean number of backorders to indicate the mean number of unavailable systems. The total EBO of two types of components is the total mean number of all unavailable systems. The system instantaneous-and steady-state availabilities are obtained using equations (26)- (27):
V. NUMERICAL EXPERIMENTS
We have conducted numerical experiments to validate our models and examined the effect of multiple factors on the system performance. 
A. STEADY AND INSTANTANEOUS AVAILABILITY INSTANCE
Our input data include 3 systems of two components: MTBF, repair time and number of stock of two components, as shown in Table 1 . The data are used to calculate the instantaneous availability and EBO according to our model. Table 2 presents several computational results for different experimental cases. We list the following time-varying output including the simulation results, METRIC [33] model results and our model results. We use the same input data to benchmark the results with reliable simulation output. The simulation results are obtained via a simulation software SIMLOX (SYSTECON Cop.). In these simulation experiments, we set the number of replications to be 500, which is a fairly standard practice in simulation experimentation. The experiments were conducted on an Intel core i5 CPU with 4096 MB RAM. The output data are shown in Table 3 and Table 4 . Figs. 4 and 5 give the instantaneous EBO and availability curves comparing to the simulation outputs. The availability absolute error between the Simlox simulation output and our model output is 0.011, and the relative error is 1.4%. The EBO absolute error between the Simlox simulation output and our model is 0.023, and the relative error is 5.24%. The availability absolute error between Simlox simulation output and METRIC model [33] is 0.234, and the relative error is 30.5%. The EBO absolute error between Simlox simulation output and METRIC model is 1.007, and the relative error is 144.665%. Thus, our results match the simulation output better than the METRIC model of not considering the switchoff effect.
B. EFFECT OF THE MAIN FACTORS ON THE ERROR OF SYSTEM AVAILABILITY
In this section, we examine the effect of component failure rates, repair times, and stock level on the system availability when the ''switch-off'' state is not considered. We compare the system availability for different component failure rates, repair times and stock levels. We analyze the error tendency for the parameters. The curve in Fig. 6 (a) shows that the system availability decreases with the failure rate of component 1 changing from 1/3000 (1/hour) to 1/300 (1/hour); the step is 1/10000 (1/hour). Fig. 6 (b) shows an availability error increasing from 0.669% to 8.55%. The curve in Fig. 6 (c) shows that the system availability increases when the repair rate of component 1 changes from 1/200 (1/hour) to 1/20 (1/hour), and the step is 1/1000 (1/hour). Fig. 6 (d) shows that the error of availability decreases from 8.55% to 0.700%. The curve in Fig. 6 (e) shows the increase in availability with the increase in stock of component 1 from 0 to 10 (the step is 1). Fig. 6 (f) shows that the error of availability decreases from 26.9% to 0.569%. We find that the switch-off effect on availability is significant when the failure rate is higher, the repair time is longer, and the stock level is lower, because the downtime of the components in the series system decreases with the characters changing. This decreases the errors due to the switch-off effects.
The numerical experiments in this section have two purposes. First, we demonstrate the system availability of our proposed Markov model by considering the switch-off effect of the components. We construct a numerical instance to calculate system EBO and availability and compare the results with the simulation outputs. Second, we examine the significant factors that affect the calculation errors, which include the component failure rate, repair time and inventory level. We conduct numerical experiments to analyze the availability errors between the CTMC model with no switch-off effect and the simulation.
VI. CONCLUSION
This paper proposes a CTMC model considering the component switch-off effect to estimate the steady and instantaneous availability with two types of spare inventory level. We have drawn several conclusions. First, we analyze two components of the switch-off effect and draw a two-component state transition diagram considering the switch-off mechanism. Second, we have found that the switch-off effects of the availability of two-component systems become obvious with increasing failure rates, repair time prolonging and decreasing spare stock level. Finally, the proposed method extends the G system reliability modeling approaches to analyze the availability and EBO of two-component repairable system groups. In the aforementioned situation, the advantages of our model are more notable, and systems can achieve higher availability with the identical spare acquisition cost.
The CTMC model in this paper can be potentially extended to k:n G systems. Nevertheless, some challenging assumptions can be relaxed. For example, the repair capacity is no longer unlimited. These research directions will be pursued in our future work. 
